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THEORETICAL MOTIONS OF HYDROFOIL SYSTEMS

By FREDERICK H. IMMY

SUMMARY

Results are presented of an inzvs~ation that has been
undertaken to demdoptheoretical methds oj treating the rno-
tiom of hydroftil sy8temsand to determine8omeqf the important
parameters. J“ariations of parameters include ~hreed&ribw-
tians qf area between.the hydrofoils, two rates of change of
dowmwashangle m“thangle oj attack, three depths of immersion,
two dihedral angle8, two rate8 of change of Kft with immer~ion,
three longitudinal hydrofo-ilspacings, two radii of gyration in
pitching, and Lurious horizontal and vertical locations of the
center of gravity. G=aphsare pre8entedto show locations of the
center of gmriiy f or stable motionl zwluesof the stabiJityrooti,
and moti-onsfollm”ng the sudden application.of a rerticalforce
or a pitching moment to the hydrofoil systemfor numerow sets
of dues of the parameters.

The luteral stubility of tandem-hydrofoil systims is briq?y
diwxmedj and calues of the lateral stability roots are presented
for two longitudinal hydrofoil spacings and two zerhkal loca-
tions of the centir of gram”ty.

T& analysis indicates that if only the longitudinal motions of
a hydrofm”lsystem are of intirest the present theory 8houldpr~
m-de satisfactory predictions. An adequate theory for the
lateral motions, howerer, must treat the longitudinal and
luteral motions in combination. The concluxiotw based on the
investigation are that a large longt”tudinalspacing between the
hydrofoils, a large mte of change of lijl with depth of immersion,
and a horizontal location of the center of grauity near the cent+w
of the region of stable locations are impotiant contributions in
the attainment of desimble characikri.stiesfor the lonp”tudinal
motion. An appendir gires an outline of the mefhods of
theoretioul treatment used and presents methods wed in com-
puting the required stability derivatives.

INTRODUCTION

The use of hydrofoils as an alternative to planing bottoms
or hulls for the support of craft operating on the surface
of water has been of interest for some time. (See reference 1.)
Guidoni advocated the use of hydrofoils as a means of
improving the take-off and rough-water performance of sea-
planes as earlyas1911. (See reference 2.) Some of the advan-
tages claimed for hydrofoils over planing bottoms are a better
ratio of lift to C& OR the water and less sensitivity h
irre@wities of the water surface. In addition, if hydrofoiIa
are used, the huU”Iines can be designed to favor good aero-
dynamic rather than good hydrodynamic characteristics, and
by retracting the hydrofoils the aerodynamic performance
can be even further improved. In spite of the evident
advantages of these devices and the attention thati they
have received, no published -work is known to exist on the
stabiIity of motion for systems emplofi hydrofoils.

wms=s~l

The present paper deals theoretically with the behavior
of a system supported solely by hydrofoik and is a first
approach to the problem of developing methods of theoretical
treatment. for the more generaI case where the interaction
of hydrofoils, hull, and aerod~amic surfaces have to be
taken into account. The treatment.is based on the theory
of small oscillations and involves assumptions custommiIy
made in appIying the theory. (See reference 3.)

Definitions of sU symbols used are listed at the beginning
of the appendix

LONGITUDINALMOTIONS

The longitudinal motions of a number of hypothetical
hydrofoil systems were investigated by means of calculations
based on the theoretical treatment presented in the appendix.
All the computations were for systems composed of two
sindar hydrofoils of rectangular plan form and rectanguIar
tips. The hydrofoila were arranged in tandem and had an
aspect ratio of 6 and a totaI hydrofoil area of 0.188 square
foot. (See fig. 1.) The systems were assumed to have
a mass of 0.256 slug and to operate at a velocity of 20 feet
per second in water having a density of 1.97 slugs per
cubic foot.. The mass of the system was assumed to include
all items such as structure and additional mass effect. l?oE—_
systems with dihedral the hydrofoil area, aspect rat.iol qd
span were based on the part of the hydrofoil immersed
during the initial undisturbed motion, although unw@@d
parts of the hydrofoils were aaeumed to project above the
water far enough to ensure that the tips were never immersed
during disturbed motions. (See fig. 2.) Most of these’-
dimensional characteristics of the hydrofoil systems were
chosen to facilit,ate comparison of the theoreticaI motiona
with the results of contemplated e.xpeMmental tWs. Changes
in the other paramet- were made to determine their effects
on the stable regions, the stability roots, and the motions
resuItiqg from disturbanccx.

:EFFECT OF PARAMEYEES ON STAELE REG1OIW

The stable region, as used in the present paper, indieatw
permissible Iooations of the center of gravity reIative to the
hydrofoils if the longitudinal motions are to be stable. ‘The” -
stabIe region aIone, however, giv= no quantitative indication””-
of the degree of stability. The stable region is bounded by
lines that are the Ioei of center-of~avity locations for which
neutrally stable longitti’dinal motions occur. The positions
of the boundary lines, and hence the size of the region, vary
with changes in the parameters of the hydrofoil system and
thus suggest variations of the parameters that may be of
practical interest for more detaiIed study.
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The type of unstable moticm occurring just outside the.
boundaries has beeu noted for each of the stable regions in
figures 3 to 9; thus, for each stable region, center-of-gravity
locations beyond the rear boundary Iead to an unstabIe
divergence, and in most cases unstable oscillations.occur for
locations beyond the front boundary. The rem-boundary
is always located farther to the rear of the front hydrofoil
than wouId be the case for a simdar pair of airfoils because
of the additional clamping introduced as a result of the
sensitivity of the hydrofoils to depth of immersion.

ln addition to the selection of a center-of-gravity location
that Iieswithin the stable region in order to meet the require-
ments for stability, certain supplementary practical factors
must be considered. F’or example, negative lift on either
hydrofoil should be avoided; otherwise momentary uncover-
ing of the hydrofoiI (as by a vmve trough) wiU be foflowed
by nosing-over if the rear hydrofoil is operating at negative
lift or nosing-up if the front hydrofoil is operating at

J.

# u p’ ..,..,,.. ~+r~
~-lGGIW2.—De.Rnitlonof sgmbelsfora reprosentatlvehydrokdfayetcm.

negative -lift. Furthermore, the longitudinal location of 11](:
center of gravity is also restricted by the maximum positivc
lift obtainable, and may be influenced by the desirability of
operating the hydrofoils near &ir maximum Iift-to-drag
ratios. The net effect of such restrictions is to reduce Lhc
usable part of some of the computed stable regions showu
in figures 3 to 9.

In the present stucly, where the cfTwts of power aro
negIected, the vertical center-of-gravity location scIcctcd np-
pears to be of secondary importance, low Iocations being
somewhat advantageous. The effects of power, lmwevcr,
will undoubtedly have an importtint bmring on the choice
of the verticaI center-of-gravity location.

Distribution of area,—The.effect of the distribution of mum
between the two hydrofoils on the e.xteutof the stable rqgion
is shown in figure 3. The plan-form arrangements assumed
for the three di.stributions treated are shown in fiiure 1. -tn
arrangement 1 the hydrofoila were identical; in !-he otlwr
two arrangements the ratio of the distribution of arra was
1:4 and the arrangements differed only in the locatiou of (ho
larger hydrofoiI. All the arrangements had the same tohd
hydrofoil area of 0.188 square foot. The houizontu]disttmcc
between the assumedhydrodynamic centers of the hydrofoils
for all arrangements was 10.Ocl,where c1is the chord for [he
arrangement with two equaI hydrofoils, and the rwsumcd
hydrodynamic center -waslocated at the quarter-chord poi]]l
of the center section. All the hydrofoils were assumed LO
be immersed 1.Ocl at the hydrodynamic center during the
initial undisturbed motion.

F~re 3 shows that the con6guration with the small surface
ahead (arrangement 3} gave the Iargwt uscful stablo region,
The rearward extent of the stabIe region for the arrangcmrni,
with two hydrofoils of equal area (arrangement 1) was con-
sidered adequate, however, ancl becauso this arrnngemrnL.
permitted certain simplifications in the calculations, il was
used for tho rest of the work. The configuration having [ho
main surface ahead (arrangement 2) would, from theoretical
consideratiorus, be the most cficient arrangement for de-
veloping lift but has a considerably more limited range of
stable center-of-gravity location than do the other arrange-
ments.
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Bate of change of downwash,—In. a tandem-hydrofoil
system, the downward velocity produced in the fluid by the
front hydrofoil reduces the effective angle of attack of the
rear hydrofoiI by the amount of the dowmvash angle c. The
downwash angle is a function of the lift cmthe front hydrofoil
and hence varies with angle”of attack. The rate of change
of clownwash angle with angle of attack, which is the factor
of interest from the standpoint of stabiIity, will be repre-
sented by the symbol c.. The value of e. will probably be
intermediate between zero and the theoretical ultimate maxi-

2 b(cJl
mum ea= — —TA1 Z)al

but to determine the value accurately

would require an investigation of down-wash near a free
surface. Corresponding limiting values of e, which are given
instead of C. in tho figures for the sake of brevity, are zero
and twice the induced angle of attack at. In order to show
the influence of the rate of change of downwash on the nature
of the stable region, computations were made for these two
ext.rernes,and the resuh for a system having two equal hy-
drofoils me shown in figure 4. An inerea.min the vtiation
of downwash with a shifts both boundaries forward without
appreciably rdtering the size of the stable region,

The effect of downwash for the other hydrofoiI arrange-
ments was found to be similar to that indicated by figure 4
for the arrangement with two equil hydrofoils. Because
there was no pronounced change in the size of the stable re-
gion with change in dowmvash, the condition of zero rate of
change of clownwash with a was assumed in most of the
remaining calculations.

The true boundaries of the stable region for the system

treated in figure 4 lie somewhere within the buds defined
by the boundaries for E=Oand E=2ai,lmt accuratoclefii(ion
of tie boundaries requirm that c be known. Coneervativc
estimates will be obtained, when the value of e is not known,
if the assumptions are made that e=2ai for computing th~
location of the rear boundary and that e= O for the froM
boundary,

Depth of immersion .—The lifL and drag obt.aimxl from a
hydrofoil depend upon the depth of immersion 2. of thu
hydrofofl. in the water. Because appreciable change in t.hc
depth of immwsion may occur under normal opwating confli-
ctions, ctimputations of the stable region. vi-cm made for
immersion depths of 0.5c1, l.OC1land 1.5c1. (See fig. 5.)
Limits of the stable region were not altered to any importan&
extent by the assumed cfianges in the depth at which the
hydrofoils operate.

Dihedral angle,—The effect on the stal.h region of inrrcas-
ing the dihedral angle 17of the hydrofoils from 0° LO30° ia
shown in figure & Both the front and the rear boundaries
of the stable region were affectc.d by the dihedral in surh a
way that the increase in dihedral increased the size of the
stable region.

Increasing the dihedral angle from 0° to 30° result.mlin
an associated increase in vertical damping. It tipprnrcd
reasonable that the improved stability ob ttiincd by changing
the dihedral might hawe resulted from this incrcascd vertical
damping; consequently the effect of arbitrarily increasing
the vertical damping for the hydrofoils with a dihedral angle
of 0° was studied and the results are discussed in the nexL
section.
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Rate of change of lift with immersion,-If the depth of
immersion of a hydrofoiI is changing, the lift is aLsochanging,
and the rate of chmge can be expressed by the w.rtical-
damping derivative bC@#. It is believed that the increased
stability which accompanied the increase in dihedral angle
from O“ to 30° (discussed in the preceding section) may
have been brought about by the resulting increase in the
value of W@#. Inasmuch as a further increase in dihe-
draI angle would decrease the value of the derivative, an
explanation of the increase in bC./?.)z’ where tie dihedral
was changed from 0° to 30° may be of interest.

In order to avoid the mathematical diflicultiee of treating
discontinuous derivatives the assumption was made in the
present study, for the case of hydrofoils with dihedral,
that a normally inactive part of the hydrofoil extended
sufficiently far above the water surface to keep the hydrofoil
from being completely immersed at any time during dis-
turbed motion. (See fig. 2.) k a result of this assumption,
hydrofoils with dihedral have a larger variation of lift with
change in depth of imrnemion than do hydrofoils with 0°
dihedral because of the increased area brought into action
-when the hydrofoil sinks deeper rnto the water. This
variation in active area becomes greater as the dihedral
angle becomes smaller.

The effect on the stable region of increasing the value of
W@? for each hydrofoil to twice the vrhe that the hydro-
foils had -with30° dihehd, but having other characteristics
the same as for 0° dihedral, maybe seen by comparing figures
0 and 7. Doubling the value of W@z’ shifts the rear
boundary of the stable region back considerably and produces
pronounced changes in the front boundary. The former
boundary for unstable oscillations no-w becomes an unstable
“hump” in the region with a new front boundary ahead of
the hump. The new forward boundary representa conditions
for an unstable divergence, but the boundary is too far ahead
of the front hydrofoil to be of any practical interest.

Iiongitudimd hydrofoil spacing.-The effect on the stable
region of increasing the longitudinal spacing of the hydro-
foils from 10cIto 20cI is shown in figure 8. The larger spacing
results in a very large increase in the stable region and in the
replacement. of the front boundary that indicated unstable
oscillations by a new front divergent boundary. The new
front boundary is well ahead of the front hydrofoil, which is
the practical Iirnitof forward center-of-gravity location.

The absence of a boundary for oscillatory inatabiIity for
the system with a spacing of 20cI suggests that the large
amount of damping in pitching for this spacing, relative to
the pitching radius of gyration Kr, might result in over-
damping and thus prevent the system from having any oscil-
latory mot ion. Calculations with K= reduced to give a
similar rdation between inertia and damping for the srmdl
spacing of 10c1,made to check tie hypothesis, showed that
oscillations were still obtained; thus, it appears that the
absence of unstable oscillations for the larger spa@g does not
signify inability of the system to have transient osciUations.

The pronounced increase in the size of he stable region
when the longitudinal spacing of the hydrofoils is increased
indicates that a huge spacing is desirable in order to minimize
the effects of unavoidable changes in center-of~avity

location encountered in practice. In a previous section entitIed
“Distribution of area,” a spacing of 10c1 was used in the
calculations made to study the efTectaof distribution of area.
If a larger spacing had been used, it would possibly have.—
resulted in a sufficient gain in the size of the stable r@on for
the a.rra.qyxaent with tie large hydrofoil forward to make
this conflgnration of practical value.

Radius of gyration in pitchi.ng.-The marked increase in
permissible horizontal center-of-gravity movement when
Kr is reduced is indicated in figure 9, where the stable range “’””-
of horizontal center-of-gravity location is shown for zero
vertical elevation of the center of gravity with KY reduced
to one-fourth the value used preciously. The pronounced
tiects of reducing KY indicate that increased vahme of Ky,
which are more likely to be used, ehoulcl receive attention
because of possible adverse ellecte on the characteristics
of the longitudimd motions.

EFFECT OF PARAMETERS ON STABILITY ROOTS

When the equations of motion are solved, the motion is
obtained as the sum of a series of components called modes.
Stability roots, -whichindicate the degree of stabiIity of the
various modes, can also be obtained from the equations of
motion without effecting a complete solution of- the equa-
tions. A more detailed discussion of the significance of the
stability roots is contained in the appendix of reference 4.
Information obtained from the stability roots is most useful
when the relative magnitude or importance of the varioys
modes is known, because the roots then provide a clue“to the
nature of the complete motion.

In the present analysis, four stability roots x are obtained
horn the longitudinal equations of motion and are distin-
guished by the subscripts 1 to 4. The nature of the’ roots
changes with variations in the parameters of the hydrofoil
system. A typicaI variation in the real parts of the roots
is shown in figure 10 (a). In general, when the magnitudes
of any two real roots become equal, the two real roots are
replaced by a conjugate pair of complex roots, each having
the same magnitude for the real part. Thus, such pairs of
complex roots in &ure 10 (a) are indicated by a double Line
and an appropriate modification of the subscript. The
magnitude of the real part for such complex pairs of roots
should be read off the plots at the center of the double iine.

For every reaI root obtained from the equations of motion
the complete solution will contain an aperiodic mode, or
component, of the motion. Likewise, for every pair of
complex roots the motion wiU contain an oscillatory com-
ponent. When the magnitude of the real part of any of
the roots passes through zero, the motion becomes unstable.

Horizontal center-of-gravity location.-The effect of chang- - ‘-
ing the horizontal looation of the center of gravity on the
real parts of the stability roots is shown in figure 10,(a) for
a system of two equal hydrofoils with 30° dihedral. For “.”
center-of-gravity locations ahead of the hydrodynamic cen-
ter of the front hydrofoil, two real roots X1and h and a pair
of complex roots 13.4 exist. Vi%en the center of gravity is
2.16c1ahead of the front hydrofoil the &.Aroots are unstable,
which indicates that the center of gravity has reached the
forward boundary of the stable region. As the center of
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grawty 1smovod rearward, the stability slowly improves for
the oscillato~y component of the motion represented by thq
&., roots. XIeanwhile the magnitudes of the k, and k,
roots approach each other and become equaI when the center
of gravity is about 1.5c, behind the front hydrofoiI. With
farther rearward movement of the center of gravity the ro9ts
are coupled as two oscillations repraented by kl.2 and ka.+
When the center of. gravity is moved back to the vicinity of
4.5c1 behind the front hydrofoil rather rapid changw in
coupling occur, which finally result in a real root Al with a
large amount of damping, a complex pai AZ.Swith moderate
damping, and a real root ~~ with alight damping. When
the center of gravity is moved back to a point 5.49c, behhd
the front hydrofoil, the magnitude of the h~root becomes
zero and the rear boundary of the stable region has been
reached.

The behavior of the roots as the hornzontd location of the
center of gravity is changed indicates that the type of mo-
tion caused by dist.urbanceawill be considerably influenced
by the longitudinal location of the center of gravity.

Rate of change of downwash.—Thc effect on the stability
roots of assuming the downwash angle e to be 2ai instead
of zero can be seen from a comparison of figures 10 (a) and
10 (b). ISo pronounced change in the roots occurred with
variation in Calexcept for a shift of the pattern of root
couplings with respect to the horizontal center-of-gravit y
location; this rwmlt is consistent with indications obtained
edier from a stucly of the influence of e. on the stable

region. Hence, for the rast of the worji the value of +t was
assumed to be zero.

Dihedral,—The influence on the stabihty roots of chtinging
the dihedmd angle from 30° to 0° is evidenL when figure
10 (a) ia compared with figure 10 (c). The diflwxwco in Lhc
rate at which the h 4 oscillation develops with rcarwrtrd
center-of-gravity movcmen t for the two dihedr~l angles
accounts for the diflerent appca.ranceof the righLside of the
diagram_in the two figures. TIM mosLimportanL fmLurc cli8-
closeclby the comparison is the improvement, brought about
by the use of dihedral, in damping of tho componmL of nlo-
tion involving the root & or the complex pair ha.4.

Vertioal center-of-gravity location.—l?igurca 10 (d) and
10 (e) together with figure 10 (a) show the eficct on W!
stability roots of varying the vertical center-of-grRviLy loca-
tion from a point on a level with the hydrofoik to a point.
10c1 above the hydrofoils. As had been indicated by tho
diagrams of the stable regions, no pronounced changes occur
in the nature of the roots when the vertical center-of-gravi Ly
locatiotis shifted,

Rate of change of Liftwith immersion.—The cffccL on llLO

stabiIity roots of mfiking the value of ~C@’ twice [ht. fur
30° dihedral is evident if figure.10 (f) is contrasted to figure
10 (a). Doubling the verticaldarnpin.g derivative ctiuscd
marked improvement in the X3.1oscillation, which suggests
that the similar improvement in damping ob[fiincd by in-
creasing the dihedral angle from 0° to 30° was u rcsdt of llJC

associated increase in the value of b~@~’.
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ZFFECT OF PARAMETERS ON INDICIAL RESPONSES

An indicial response is the motion resulting from a unit
force or moment suddenly applied to the hydrofoil system
at zero time and held constant thereafter. The indicial
responses are of interest bec~use they are of the same general
character as the motions produced by types of disturbance
that are likeIy to be encountered in practice.

The longitudinal equations of motion (equations (9)) in-
volve three variables; hence three indicial responses are
necessary to define the motion caused by any specific unit
disturbance. The three indiciaI responses may be con-
veniently represented by the symbols as, z’~, and 6. for
the change in angIe of attack, vertical p.ositiort,and.angle of
pitch, respectively, when the motion is caused by the sudden
application of a unit Q force to the hydrofoil system,
SimiIarIy am, z’~, and t% are the response factors for a
sudden unit Cmdisturbance.

The indiciaI responses are functions of nondimensional
time 8,, typical variations of which are shown in figure 11.
The magnitude of disturbances actually encountered, when
expressed in coefficient form, till usuaIIy be coneiderabIy
Iessthan unity; consequently, the actuaI motions experienced
will be of proportionately smaIIermagnitude than the indicial

8=
FIGURE11.—IndMeJ rwpons?a for urdt Cz dfsturbanm. ~=Wi &.=&; ~-~ Z-10.OC1;

z. EI.OWI;KP-6.67cI; ZI=6. WI; ZI=-l .2&I, &C41CI,or 4.8M

responses presentoclbut will have the same type of variation
with time. Values of the iudicial rcisponscs after t.hc
disturbance has been absorbed by the system and ncvrstcady-
state equilibrium conditions have been reached are repre-
sented by short horizontal lines at the right side of tlm ploLs.
Such steady+tate values are not only new equilibrium con-
ditions for sudden disturbance buL aIso represent new trim
conditions after gradual changes in the Ioad condition, such
as would result from the use of fuel.

Horizontal center-of-gravity Iocation,-Iudicial msponscs
for a unit Cz disturbance applied to a systcm of two cqm~
hydrofoils with zero dihedral are pIotted sg~im~ nomlimrn-
sioqal time in figure H for sevcraI horizontal loca [ions of
the center of gravity. Values of ~1used in figure 11 were
selected to give center-of-gravity locations covcriug all thc
types of root coupling shown in figure 10 (c).. If tlw ceutw-
of-gravity locations used in @re 11 arc noted on the
diagram of the corresponding stable region (see fig. 3), the
following points are evident:

(1) A center+f-gravity Iocat.ion near tho front boundary
of the stabIe region is conducive to motions clmracterizcd
by pronounced oscillations.

(2) A more rearward Iocation of the center of gravity
reduces the prominence of the oscillations but increases the
ultimate deviation from the attitude that exiatcd buforc Lho
disturbance.

(3) Foi- center-of+ravity Iocations near tl~c rear bound-
ary, no discernible oscillation is noted, but very Iargc depar-
tures from the initial condition occur.

Compajiion of the maximum deviations for tfw. thrco
center-of~ravity locations of figure 11 shows that~ during
the interval of time covered by the curvc+s, the Mna]h?sL
amplitude of motion of the hydrofoil system occurs for tho
case with the center of gravity back 35 perccnLof tlw dis-
tance 1 between the two hydrofoils. The clcviation caused
by a given disturbance rapidly becomes grc~tcr as the ccntm
of gravity is moved back of the optimum location, with the
result that for such rearward Iocations a very sligbt dieturb-
ance would bring the hydrofoils to tlmmrfacc or cause them
to sink very deep into the ~ater. Location of the cunt.crof
gravity any appreciable chstance ahead of tho op[imum
location appears. undesirable bccausc of tlw pronounced
oscillatory .motlions invoMd. Such motions would lx both
uncomfortable and difficult to cent.roI.

Indicial responses for a uni~ Cmdisturbance, for the same
conditions as for figure 11, are pIot@l in figure 12. The
discussion”of the effect of change in horizonl al ceutcr-of-
gravity Iocation on the inclicial responses for a unit. Cz dis-
turbance &o applies for a unit Cm disturbanw, vrith tJw
=ception’ that the amplitudes of the motions are least for
the most forward ten@-of-gravity location considcwxl, in-
etead of for the middle location. The oscillations are much
more persistent, however, for the forward location than for
the middle Iocrition.
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FIGURE 12.–MMI ~ for tit r. dkturbme. r.~; t+s[; ~-o;z=~o~~
:.= LCQcI;Kr-6.Kc,; ZL-5.00C[;ZI-—12&b &8k,, m 4xk,.

Because of the large response factors invoIved for either
type of disturbance, even when the best center-of-gravity
location is seIected, motions for hydrofoils -with no dihedral
will involve large amplitudes vvhenever a slight disturbance
is encountered; hence, it appears evident that such a type
of hydrofoil will not give satisfactory performance. This
conchsion applies only t.o the arrangement inv~tigat ed,
where the hydrofoils always remain completely submerged;
and it shoulcl not be derided to Coyer ladder mrangements,
for which a change in effective area with immersion depth
produces effects similar to those for partly @rnersed hydro-
foils with dihedral.

Dihedral angle.—The effect on the indicial responses of
increasing the dihedral angle from 0° to 30° maybe obtained
by a comparison of @urea 13 and 11 for a unit C, disturb-
ance, and of figures 14 and 12 for a unit Cm disturbance.
The figures indicate that the effect on the nature of the
motions of changing the horizontal center-of-gravity location
is much the same as that indicated in the preceding parts of
the present paper. Thus, the most desirable center-af-
gra~ity location appears to be about 3.50cI back of the front
hydrofoil, as in the case for 0° cliheclrtdangle. At any
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FIGCEE M.—tidlciol reqmoses h- unit Cz dlstnrbance. EWO; &=SL c=O; t- 10.M;
z.- 1.74c1;KY-13.67cI;zi=5.~ J~-—MOmr S.60:1,4.E&l,or 5253.

particular horizontal location of the center of gravity, the
increase in dihedral causes an appreciable reduction in the
indiciaI responses. The reduced sensitivity to disturbances “”
when the dihedral angIe was increased from 0° to 30° may
have been a.result of the corresponding increase in vertical
dampirig. In such a case, as mentioned in the discussion
of stable regions, a further increase in dihedral viould have
an effect opposite to that caused by this initial increase in
dihedrd.

Rate of change of lift with immersion.-The effect of
varying the rate of change of lift with immersion on the
Micial responses for a unit Cz disturbance may be seen from
a comparison of iigures 11, 13, and 15. Figures 11 and 13
give the indicial responses for hydrofoils with dihedral angles
of 0° and 30°, respectively; whereas for figge 15 the rate of
cha~~e of lift with immersion is assumed to have a vaIue
twice that for hydrofoils of 30° dihedral angIe but to-have
other hydrofoil characteristics’ the same as for 0° dihedraI
angle. If the case for the center of gravity at 3.50CI is “‘
seIected in each of the figures, comparison shows the direct
reIation between good riding characteristics and a” large
value of ~@’. It appears, therefore, that a large value

—
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of h~L/&$ should be attained by the use of arrangements
such as hydrofoils with dihedral for which the effective mea
changes with immersion depth, or by the use of some device
that Chang- the angIe of attack when the height varies.
Figure 16 gives data corresponding to the data of figure 15
but with a unit Cmdisturbance assumed, Results for the
several center-of-gravity locations assumed in figures 15 and
16 indicate the same influence of horizontal center+f-gravity
Iocation on the motions as has been shown by the computa-
tions summarized in figure 12.

Longitudinal hydrofoiI spacing,-Indicial responses for
either a unit Cz disturbance or a unit (?~“disturbanceappfied
to a system of two equal hydrofoils spaced 20C1are given in
figure 17 (a). The horizontal center-of-gravity Iocation in
ilgure 17 (a) is at 0.351, which is the same percentage of /
that was used in figures 13 and 14, and other conditions are
also the same as for figures 13 and 14. F~re 17 (b) gives
data simihir to the data of figure 17 (a) except that the
spacing has been increased to 100.c1. Comparison of figures
13, 14, and 17 indicates that increasing the hydrofoil spacing
tends to increase the restraint iu pitchii and thus reduces
the response in all degreas of freedom for pitching-moment
disturbances, and in all but vertical motions for Z-force
disturbances. The effect of increasing the hydrofoil spacing

%
FIQURE16.–IJMMW responsesfor utii CX dlsturbanc.e. iJCLJW huble that fm’ ~-tin”

S!=6% c+ Z=IO.W Kr-6.67cI; ZI-11.OUGZI-–!l.Wr, OS)cI, a.6Lh or IM.W.

on the motions suggests that the spacing should bc as Iargc
aa is practical in order to reduce the response to a given ilis-
turbance. Figure 18 shows the significance of 10cI, 20c1,
and 100c1 spacings if the hydrofoil systems were ~thuhd
to a typicaI flying boat.

LATERALMOTIONS

Lateral stabiIity for flying boats has noL gwwrally Ixwn a
serious problem up to the present time; hence the prcscnL
investigation of the Iateral characteristics of hydrofoils was
brief and made @iefly to check the lateral stubilit,yof Lypical
hydrofoil arrangernenh assumecl in much of the study 01
longitudiggl stability,

h the present investigation all the lateral-stability cd-
culationa were made for a hydrofoil systcm consisting of two
identicaI hydrofoils of rectangular plan form, each hnviug
rectangukir tips, 30° dihedral, and an aspect raLio of &
The center of gravity was assumed to have a. horizontal
Iocation 0.351 behind the hydrodynamic. center of the fron6
hydrofoil. The rate of change of downwazh at the rear
hydrofoil was assumed to be zero. The mass of i.he hy&o-
foil system was the same as that assumed for tho invcstign-
tioq of longitudinal stability, The study was confin~!clto

what was considered the ideaIized case, where the supporting
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FIGLTUi16.—IndMrd resprmsa for unit C. dkturbnnce. aCJa.# dmrhle thst for r-w;
&-&; 0.@Z=1OM KY=6.67cGz~-~w =- –2KlH, MOn, MM. or 6.*.

struts have no influence on the characteristics of the hydro-
foil system. The method of treatment for the IateraI
motions wds similar to that used for the longitudinal motions
and is described in cletail in the appendix.

The effects of changes in the vertical location of the center
of gravity and changes in the lo~~itudinal spacing of the
hydrofoih on the lateral stability roots are indicated by the
data of the following table:

The zero root that is listed for each set of vaIues of ZI
and 1 in the table results because the system is insensitive
to heacling; that is, the performance does not depend on the
initial direction of travel. The remaining roots listed are
either negative or have negative reaI parts in the case of
complex roots, which indicates that all the systems investi-
gated were lateralIy stable. Instability was expected in the
two cases v&h the higher center-of-gravity location, but

apparently the stabilizing effect of the rolling moment that
is developed when the system is banked (defiged by the
vaIue of the derivative W@@) outweighs the eflect of the
higher center-of-gravity location. Check calcuIations made
with Z)C’@@ reduced to nearly zero but with other condit iona
the same as for the second case in the table showed pro-
nounced late:al instability. From the foregoing results the
value of b~l~~ appears to have an important influence on
lateral stability. The value of this derivative is likely to.
depend on the depth of immersion of the hycIrofoils; there:
fore it may impose a coupling between the longitudinal rmd
the Iateral motions and thus prevent reliable predictions of
the Iateral behavior when the longitudinal motion is ignored.
In ‘contrast, none of the longitudinal derivatives appears to””
be appreciably tiected by latcrtd motions.

The data given in the table indicate that raising the center ‘-
of gravity and increasing the Longitudinal spaci~~ of the
hydrofoils increase the total damping in the hydrofoil ‘.
system, but the practical -due of the increase in damping
cannot be determined except from a study “of the response
factors involv?d. Such a study dow not seem feasible until
experimental checks are made on the validity of certain of
the assumptions made in developi~~ the theory for lateral
motions.

SUGGESTIONSFOR FUTURERESEARCH ....~--
The present study is based on the assumption of small

displacements. Because of the nordincarity of many of the
derivatives involved, any appreciable !epartures from the
assumed speed, depth of immersion, and other factoti may ‘-
muse marked cha~~es in the dynamic characteristics of the
system. Studies of maneuvem, such m take-offs, of hydro-

——-—

foiI systems may consequently require step-by-step treat-
ment. The development of methods of studying the
combined motions and determination of the effects of changes
in forward speed, h@rofoiI loading, and moments of inertia
on the motions also appeam desirable. For seaplanes the
interaction of hydrofoils, hull, and aerodynamic surfaces
must “be considered. Other factors that should receive
attention are the influence of the hydrofoil supports (pmtic-
ularly on lateral motion), the effects of power, and the nature
of the clovrmmsh near a free surface.

CONCLUDINGREMARKS ... —.

A theoretical investigation ~vasmade of tandem hydrofoil
arrangements, based on the Lifting-ll~n theory. The conclu-
sions which follow apply to ordy the longitudinal behavior,
inasmuch as the computations made were insufficient to
justify detite conclusions regarding the Iateral motions.

1. The longitudinal hydrofoiI spacing shouId be as large
as is feasibIe.

2. The rate of change in lift. with change in depth of ire-”
mersion of the hydrofoils should be Iarge. DihedraI appears
to be advantageous, if the hydrofoil is partly immersed, be-”
cause with dihedral there is a larger rate of change of lift
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FIGURE18.-Sfgnificanm of longitudlnfd hydrofoil spachg on a tgpIc.sl flglug IxLM.

with change in immemion. The rate of change of lift with
immersion tiII be insufficient for hydrofoils with no dihedral
unless the area is composed of se-reraIpanels in a multipIane
arrangement.

3. The rear hydrofoiI area shoukl be as Iarge as, or Iarger

than, the front hy&ofoiI area if large variations k- cc~ter-of-
gravity location are to be accommodated whm tho longi-
tudinal hydrofoil spacing is small (of the order of 10 chords).
With appreciably larger spfic.inge,the arrangemcmtwith the
main surface forward appeam to h sufficiently stable and
should “be more efficient than the other arrangements.

4. The choice of horizontal center-of-gravity location
shoulcl be based on considerations of the rewdtant charm-
teristics of the lougitucIinal motions and the hydrofoil load-
ing. The location should not be ahead of the hydrodynfimic
center of the front hydrofoil, in order to avoid unclc-
sirabIe lea-ding. The location should bc as far ahead of t.hc
rear boundary of the stabIe region as is feasible without
incurring objectionable oscillations. The best compromiec
from this Iatter standpoint appears to be a location near the
center of the stable region. For two equal hydrofoils in
tandem the best location appeam to be back about 35 pcrccnL
of the distance between the hydrofcda.

5. If t.~ effects of power are negIected, the vertical cw~tm-
of-gravity ..location appears to be of little importanm, low
Iocationdeing somewhat advantageous.

6. A reduction in the pitching radius of gyration will cause
an appreciable increase in the range of horizontal centwW-
gravity location t~at wiII be stable.

LMKiLEY hhMoRm AERONAUTICAL LABORATORY,
NATIOti ADVISORY COMMITTEE FOR AERONAUTICS,
LAItg~EYFIELD,VA.,Alay 9, i947.



APPENDIX

METHODS OF THEORETICAL TREATMENT

X-, Y-, Zwes

x, Y, z

L, M, AT

Z’-axis

v
fl

U,v, u)

u’
‘m

k=, kr, kz

Pm
I

2

s

SYMBOIS

rectilinear reference axes fixed in hydrofoil
system, with origin Iocated at center of
gravity (The X-asis is dined in the direc-
tion of the initially undisturbed motion.
The initial position of the Y-axis is di-
rected horizontally to the right. The
Z-a.. is directed downward.)

forces along X-, Y-, and z-axes, respec-
tively

moments about X-l Y-, and Z-axea, respec-
tively

axis, directed wrticaIIy downward tith
rmpect to the earth from origin Iocated at
center of gravity of hydrofoiI system

displacement along Z’-axis
angular displacements of reference axes from

initial positions, radians (see fig. 19)
angles, in radians, giwing instantaneous

orientation of reference axes with respect
to path of motion (see fig. 19); thus a is
angIe of attack and P angle of sidealip at
center of gravity

linear -wIocity of center of grawity
anqdar velocity of hydrofoil system about

center of gravity, radians per second
components of V along X-j ~-, and Z-axes,

respectively
components of Q about .17-,Y-, and Z-axes,

re9pect.ively
vieight of hydrofoil system
mass of hydrofoil system
radii of gyration of hydrofoil system about

respective reference frees
density of water
subscript used to designate front hydrofoil

in a system of two hydrofoils in tandem
subscript used to designate rear hydrofoiI in

a system of two hydrofoils in tandem
total projected area of immersed part of

hydrofofl system under conditions of
steady undisturbed motion

totaI projected area of nth hydrofoil
chord of nth hydrofoil
span of nth hydrofoil
aspect ratio of nth hydrofoil
dihedral tingle of nth hydrofoil, in radians

unless speciiied otherwise

r dibedraI angIe -when angle is same for all
hydrofoils in system

ax angle of attack at hydrodynamic center of
nth hydrofoil, radians

a~ induced angle of attack at hydrodynamic
center of front hydrofoil, radians

E downwash angle at hydrodynamic center of
rear hydrofoil, radians

G rate of change of e with a

‘% rate of ohange of ● with qcJV

Fmurm 19.—Po9itire~ of axesand motions.

487.
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/% angle of sideslip at hydrodynamic center of

b
(%)

nth hydrofoil, radians
nondime.neional rolling velocity at hydro-

* dynamic center of n.thhydrofoiI, based on
Iocal rolling veIocity in radians per

()

second, b., and V
rb
7. nondimensional yawing velocity, with defi-

()
nition similar to that for #

n
(7. Iift on hydrofoil system, me&red at

ccn ter of gravity in direction perpendicul-
ar to V and converted to coe.tlicientform

lift on nth hydrofoiI, measured at hydro-
dynamic center of hydrofoil under con-
sideration in a direction parallel to CL
and converted to c.oeflicient form by

dividing by; PUV%’

(CL)YI lifton nth hydrofoil, measured at hydro-
dynamic center of hydrofoiI under con-
sideration in direction perpendicular to
Iocal relative motion md converted to

coefficient form by dividing by ~ pm~~=

(CD)n ~ drag on nth hydrofoil, measured at hydro-
dynamic center of hydrofoiI under con-
sideration in direction par~lleI to Iocal
relative motion and converted to coeffi-

cient form by dividing by ~-pnVW. ‘

weight of hydrofoil system converted LO

coefficient form by dividing by ~ pmVW

side force on hydrofoil system, measured at
center of gravity in direction of Y-axis
and converted to coefficient form by

dividing by ~ Pmlns

(cY), “ sido force on nth hydrofoil, measured at
hydrodynamic center of hydrofoiI under
consideration in directiou partiel to
I’-axis and converted to coefficient form

c, coefficient of Z-force, with definition similar
to that for Cy

Cf roIIing moment about X-axis, converted to

coefficient form by dividing by ~ pmV3Sbl

(C,)m roMng moment at hydrodynamic center of
nth hydrofoil about axis parallel to
Ar-axis, converted to coefficient form by

dividing by ~ PW?728J,

pitching moment about Y-axis, converted.
to coefflc.ientform by dividing IJy~QP3&l

coefficient of yawing moment, with clefi~i-
tion similar to that for Cl

coefficient. of yawing moment., with cl(’fini-
tion similar to that for (C{).

X-component of histlancc from ccntcr of
gravity to hydrodyntimic center of front
hydrofoil, c1units

X“-component of distance from hydro-
dynamic center of rear hydrofoiI LOccnlm
of gravity, c1units

distance between hydrodynamic centws of
the two hydrofoils mwwmrcd parallel la
X-axis, c, units

7~omponcnt of clistnncc from center of
gravity to hydrodynamic center of nth
hydrofoil, c1units

operating clepth; distancc from wtitm sur-
face to hydrodynamic ccnlcr of nth
hydrofoil during steady umlisturbed mo-
tion, C*units

operating depth when depth is same for rdl
hydrofoils in system

pmameter of nth hydrofoil used 10 deLcr-

Y-component of distauc.c from hydro-
dynamic center to centroicl of lifLon onc
panel of nth hydrofoil, b, units

verticaI displacement of center of grtivity
during disturbed motions, c1 units

vertical displacement of hydrodynatnic
center of nth hydrofoil during disturbed
motions, c=units .

mass of hydrofoiI systcm, ~ pdcl units

mass of hydrofoil system, ~P&bl units

radius of gyration about I’-axis, c1 uniLs
radii of gyration about S- tmd 7Ftixes,

respectively, bl units
time, seconds
time, cl/V units (To conwrt nondimcn-

8CC1
aional time into second units usc t=- -.v
The s, time scale may dtcrnalively bo
converted into distance. t.rawmcd if
values ofs, are muItilpied by C1.)

time, bl/V units

stability root, with various numerical sub-
scripts used to dietinguish tho differcnl
roots
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z(t)

CZ(8J

disturbance function; a Z-force of variabIe
magnitude, time history of which is indi-
cated by form of function (The compIete
description of any arbitrary disturbance
acting on the hydrofoil system may be
expressedby use of this and the additionrd
disturbance functions ill(t), Y(t), ~(t),
and iV(t), with definitions similar to that
for Z(t).)

nondimensional disturbance function, simi-
lar to Z(t) but with force expressed in
cmfiicient form and with time in nondi-
mensional units (Similar definitions ap-
pIy to Cm(8c), f2y(8,), (?I(sb), and Cn(8,) .)

indiciaI responses giving motions ce,z’, and
8, respectively, caused by sudden applica-
tion of unit Cz disturbance to hydrofoil
system

am,Zfm,0= indicial responses giving motions in a, z’,
and 6, respectively, caused by sudden
application of unit Cm disturbance to
hydrofoil system

h-, empirka] constant used to determine
vaIue of b(C’J ./az’n

k,, k, empirical constants used ta determine -ralue
Of a(~~).jaa=

k~,k~ empirical constants used to determine value
of h(~D)#/h~.

The abbreviationa h.c. and e.g. are used herein for hydro-
dynamic center and center of gravity of hydrofoil system,
respectively.

LONGITUDINAL EQUATIONS OF MOTION

The longitudinal motions of the h-@rofoiI system are
referred to the system of axes described in the list of symbols.
The choice of ues that correspond to those custommily
employed in studies of airplane stability should facilitate
extension of the present hydrofoil theory to include the
effects of aerod~amic surfaces.. The equations of motion
are based on the assumption that the hydrofoil system can
be replaced by a particle at its center of gravity having a
mass m and radii of gyration k=, ky, kz about the respective
reference axes equal to those of the hydrofoil system. The
ana~ysisis also based on the assumption that the velocities
1“ in the direction of motion and u along the X-axis are
conedant and that departures from the initial conditions of
motion are small. The further assumption is made that the
longitudinal displacements Z’, 8, and aIong the Z-axis, in
the pIane of symmetry of the hydrofoil system, are inde-
pendent of t-helateraI motions iuvolving the displacements
4, I, and along the Y-axis. This assumption yields satis-
factory theoretical predictions of the motions of airplanes in
normaI Hight and appears warranted, based on the nature of
the deviations invoIved, in the treatment of the longitudinal
motion of hydrofoils. Its app~ication to the lateral motions
of hydrofoils is made with reservations, as mentioned in the
main text.

—

By the use of D’Alemberts principle, the following
equations of equilibrium at the center of gravity are written
for the forces and moments involved in the longitudinal
motions:

where Z(t) and M(t) are arbitra~ disturbance functions.
The equatione have the same form as the familiar equations
of longitudimd motion for an airplane, except for the
addition of derivatives with respect to Z’ and 6. The
equation of equilibrium involving the A“-force is omitted “,
because u is assumed constant. Equations (1) can be

desimplified by using w =dx~, a= .~~,and q=3 to gi-re

. da de az
~~ z–m%=” Xi+z‘g+e g+: %+Z(t)

1 (2)

If equations (2) are rewritten in a nondimensirmalform, the
solutions obtained will be general in character. The
method used to make the various terms of the equatiom --
nondimensional in~olves Wpressing au angks in radians,
d forces and moments in the standard NACA coticient.
forms

(7Z=~ z~puns’

c.= ~ M
~pwv%’cl

all lengths in terms of the chord c1 of

(3)

(4)

the front hydrofoil, -
all tire-min terms of the time c,/1’ required for th~ system
to trave~e the distance c, rdong the path of motion, and

the mass in terms of ~ pJ’c, units. The nondimensional

quantities of mass P., time 8., iwrtical displacement z’, and
radius of gyration KY about the Y-axis thus hem the follow-
ing reIationa to the corresponding dimensional quantit.ies:

(5)

(6)

(n

(8)
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In equations (3) to (8), p. is the density of water and iS is
the total projected hydrofoil area in the hydrofoil system.

The nondimensional form of equations (2) becomw

Also, from geometric considerations,

(lo)

In equations (9), Cz(sJ and C~(sC)are functions of non-
dimensional time that describe the application of disturbing
force and moment coefficients to the hydrofoiI system. The
methods used to make the terms of equations (9) non-
dimensional have the advantage that the nomlimensional
equations obtained retain the same form as the originaI
force equations, consequently the physical significance of
the nondimensional equations shouId be more readily evident.
Solutions of motion obtained from equations (9) are likewise
nondimensional and may be considered as proportions,
applicable to all similar hydrofoil systems, and capable of
conversion to customary engineering unita in any given
case by use of the characteristic dimensions c1 and V perti-
nent to the speciiic design.

Stable regions and stabiIity roots for the longitudintil
motions can be obtained from equations (9) in conjunction
with equation (1O) by methods discumed in reference 4.
The stability equation for the Longitudinalmotions has the
form

aD4+bD*+cD2+dD+e=0 (11)

Boundaries for the stable regions were obtained from the
conditions

(bc–ad)o?– b’e=(t (12)

for the oscillatory boundary and

e=O (13)

for the divergence boundary. The quantities invoIved in
equations (12) and (13) are the coefficients of equation (11),
which in turn are functions of the factors of equations (9)
and (10). Thus,

Jmz w. ZJCm-d=+d-w%+%$) “4)
Equation (12) is the familiar Routh’s discriminant, but ita
expression in terms of the factors in equations (9) and (10)
is considered too lengthy to be presented here.

LONGITUDINAL DERIVATIVES

VaIues must be assigned to the various partial derivatives
appcming in equations (9) before the cqutitiona can be
soIved. NO e.xperimentaI vahes for the dcrivat,ivcs were
available; hence computed values were used. The com-
puted derivatives were evaluated on t.hobasis of c.xperimcntol
hydrofoil data obtained from results of tcste mrido in LI1o.
Langley tank no. 1 at various immersions and spcods. A
discussion of the methods used to compute the various
derivatives follows. Dala presented in connection with
the discussion are for hydrofoils of rectangular plan form
and tips, with an aspect ratio of 6, and operating at w veloc-
ity of 20 fee~ per second. Experimental results indicate
that, for a given angle of atkac.k,marked changea in the lift
and drag coefficients of hydrofoils occur with changes in
speed. The values of the derivatives would undoubtedly
be equally affected by any pronounced chango in speed
from that assumed in the investigation.

Change in Z-force with vertical displacement of the
center of gravity hCz/&~.—If the center of graviLy moves
downward, the hydrofoils are immersed deeper in the water.
Experimental resuks indicate that an increase in the dcp( h
of immemion of a hydrofoil is accompanied by an incrcaso in
the magnitude of the Iift obtained. The increase in lifL is
proportional to, and of the same sign as; the initial Iift.
Thus,

(15)

Values of k, are given in figure 20 (a) for a diheclralangle of
00 and in figure 20 (b) for dihecIral angles of 20° and 30°.
The value of k, depends on the normal operating depth z..
of the hydrofoiI. The diecontinuitics in tho curves of
figure 20 (b) coincide with the point whero t.ho tips of the
hydrofoiI break the surface. In figure 20 (a) and subse-
quent figures, (C~)a is based on the total area of [ho hydro-
foiI instead of the immersed area and zo~ is measured in
chord lengths of the particular hydrofoil under consideration.

The value of bCz/t?& for a complete hydrofoil system is
the negative sum of the values of bCLJdz’ for the individual
hydrofoils. The vaIues of Z)(7LJZ12’ for tho various l@ro-
foils are derived from the b (CJ@’B values obtained from
figure 20 (a) or 20 (b) by making proper allowance for the
diflerent areas and chords that are used to make the various
terms nondimensional.

Change in Z-force with angle of attaok bCz~a,—The value
of the derivative 2@z/& is the negative sum of the valuw of
2JC#a (thatis, the slopes of the lift curvc9) for the indivi&
urd hydrofoils, & iu the case of bCz/Wj diflercncce in tho
areas used in formiug the coefficients must IN ttikcn into
account when the addition is made. The sIopo of the lift
curve depends on the depth of immersion of the hydrofoil.
Typical variations of the slope are given in figure 21 (a) for
0° dihedral angle and in figure 21 (b) for various dihdral
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angles. When @ure 21 is used to determine the sIope of the
lift curve for the rear hydrofoil, the vaIue obtained is with
respect to the Iocal angle of attack CYZat the rear hydrofoil.
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In general the -due of a, is less than that of a (measured at
the center of gravity) by the amount of the down-washangIe e
att the rear hydrofoil. The slope of the Iift curve for the
rear hydrofoiI must be corrected for downwasb to give th~_
required slope with respect to cc. The correction is appIied
by muhiplying the slope obtained from figure 21 (a) or 21 (b)
by the factor 1– c., where E. has some value in the range

(16)
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In equation (16), Al is the aspect ratio of the front hydrofoil
and b(C’J@al is the Iift-curve slope obtained from figure
21 (a) or 21 (b) for the front hydrofoil.

Change in Z-force with pitch attitude tlC@3,—A change
in the pitch attitude of the hydrofoiI system will cause a
diflerentia.1change in the depth of immersion of the hydro-
foils. The effect on the Z-force may be estimated from the
geometry of the system and the data of figure 20; thus, for
two tandem hydrofoik

(17)

Change in Z-force with pitching velocity bC.@ $$!.-The

chief effect of a pitching velocity about the center of gravity
of the hydrofoil system is to. cause a change in local angle of
tittack at each hydrofoil. The change in effective camber for
the pitching hydrofoil introduces a smalI additional compo-
nent of vertical force. (See reference 5.) The total effect for
two hydrofoils in tanclem may be assumed to be

where

%1=3 &,“am (–Z,+O.5)—

(18)

(19)

In equation (2o), b (C. J@, is the Iift-curve slope for the
rear hydrofoil, basccl on the local angle of attack az; u and
G are the X-components of the locations of the front and
rem hydrofoil hydrodynamic centers from the center of
gravity expressed in terms of c1: and cc indicates the rate
of change of downwash angle at the rear hydrofoil with
change in nondimensional pitching velocity qcJ17. The
vidue of Egwill be in the range

(21)

Change in pitching moment with vertical displacement of
the center of gravity ~CJtl&.-The changes in lift, mentioned
in the discussion of the change in Z-force with vertical
displacement of the center of gravity, produce moment
c.ha.ngesabout the center of gravity, the magnitude of which
depend on the X-components of the distances of the hydrofoil
hydrodynamic centers from the center of gravity. The drag
also increases with deeper immersion of the hydrofoils.
Analysis of the data obtained in Langley tank no. 1 indicatea
that the change in drag can be expressed as

(22)

Values of k, and k3 are given in figure 22 (a) for 0° diheclral
angle and in figure 22 (b) for 30° dihedral angle. The drag

changes multiplied by the Z-components of the dist.anccs
from the centcmof gravity to the hydrofoil hydrodynamic
centers give the drag contributions t.o the chtingc in pitching
moment. I?or two hydrofoils in tandem

(23)

Change in pitching moment with angle of attack &C./ba.—
Physical considerations lead to the expression, for two
hydrofoils,

alm=~l3(CL) 1
‘1 (CA-W

a(CL)222+x
z,–: (1–%) -a--,

[
3(CD)1 ~,

aa 8 k, 1
3(CD)2 a(Cj)2

+: (1–d [(~L)2–~-–e~] 22 (24)

whore (CD)lis the drag coeffic.icntof the fronLhydrofoiI Imscd
on the area of the front hydrofoil; (~D)* is the drag co-
efficient of the rear hydrofoil based o~l the mea of the rear
hydrofofi; and ZIand a me tlw Z-components of the locations
of the front- and rear-hydrofoiI hyclrodymunic centm from
the center of gravity, expressed in terms of c,.

The slope of the drag cur~w for ench hydrofoil must IN
known {o determino 3CJ2m from equation (24). The
empirical relation

(25)

was obtained from an nnalysis of the mprrimcntal dahi,
Values mf k~ and k6 Taricd with the depth of immersion
of the hydrofoils in tho manner shown in figure.23 (a) for 0°
dihedral angle and in figure 23 (b) for 30° dihedral anght.

Change in pitching rncment with pitch attitude ilC#M.-
Thc differential change in the depth of immersion of thu
hydrofoils introduced by a change in the pitch attitudc. of
the hydrofoil system leads to ~ariations in the lifL und
drag for each hydrofoil. These variatiom c-an bc trans-
lated into a variation in pitching moment, about the center
of gravity by use of the geometry of the hydrofoil sysLem
and equations (15) and (22). For two hmdcm hydrofoils

ac. s, ac)l ~,2_sg Cl aocw , 8 awl
-m ‘“– 27 a2’, -.—Xg+x “&T;- x12i—27G”a~f,

(26)

Change in pitching moment with pitching velocity

3CJa ‘~’ –The only important contribution t,o the pitching

moment produced by a pitching veIocity about the ccntw
of gravity is that associated with the change in lift on
each hydrofoil as a result of the change in local anglo of
attack. Thus,
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LATERAL EQUATIONS OF MOTION

Equations expressing the equilibriums of the forces
and moments involved in the lateral motions are written
cm the same assumptions as those used to obtain the longi-
tudinal equations. The cquationa of lateral motion are

where Y(t), ~(t), and N(t)” are arbitrary dist~bance func-

tions. Equations (28) can be simpItied by using 0=$,

Equations (29) wi-11next be written in a nondimensional
form similar to that used for the Longitudinal equations.
Thus, all angles will be expressed in radians and alI forces
and momenta in the standard ~ACA coefficient forms

(30}

c.= N -- (33)
: pmV’Sb,.

Because of tho different basis for forming the moment
coefficientts (cf. equation (4)) in the nondimension lateral
equations of motion, aIIlengths VW be expressed in terme of
the span of the front hydrofoil h, alI values of time in terms
of the time bl/V required for the. system to traverse the

distance bl along the path of motion, and the mass in term-of

; pdbl units. The nondimensional mass P*, time s~,“~an~

radii of gyration Kx and Kz thus bear the following rclations
to &e corresponding dimemional quantities:

‘m~b=l— –- ““(34)
~ Pmsbl

The nondimensional form of equations (29) bccomcs

(35)

(30)

(37)

(38}

where oy(~a), C1(L%),and Cs(@ are functions of nondimens-
ional time that can be used to defh the applic.ation of
any lateral disturbance to the hydrofoiI systcm.

LATERAL DERIVATIVES

In order to obtain a solution from cqualiom” (38), [he.
various part.itdderivatives involved must be given numerimd
values. NTOexperimentally determined values wore awiila.
blc for any of tho derivatives, and computed values were
therefore used. Experience has shown tlmt thcorctimd
methods are unreliable for obtfiining many of the la@raI
stabiIity derivatives of airplanes. This fact, couplrd with
the additional complication of t.hcprcscncc of a free surfncot
suggests thnt theoretical compu tatiom of the dcrivativca
for hydmfods wiH bo even less satisfactory. J31fiboratx
theoretical analyses to obtai~~ the values of the latcnd
stabili hy derivatives of hydrofoils, therefore, appmr to ho
unjustified uut.iI experimental data are available for usc in
checking the accuracy of computed values.
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For most of the lateral derivatives, the values of the deriva-
tives were fit computed vzith respect to the hydrodynamic
center of the hydrofoil for motions at the hydrodynamic cen-
ter; from the geometry of the hydrofoil sWtem the deriva-
tives at the center of gravity of the hydrofoil system for
motions at the center of gravity were obtained. The follow-
ing discussion wdl be mainly oordined to methods of com-
puting the lateral derivatives at the hydrod-ynamic center of
the hydrofoil. Such derivatives can be readily converted to
derivatives at the center of gravity of the hydrofoiI system
by the use of elementary mechanics -when the geometry of
the system is knovzu. Numerical data presented in connec-
tion with the discussion of the lateraI derivatives -were
obtained from the same sources and the same operating condi-
tions as those used in obtaining the Ionggtudimd derivatives.
The expressions derived me for the lateral derivatives of an
“ideaI” hydrofoil system without supporting struts. The
presence of the supporting struts usually required will un-
doubtedly have a Iarge influence on the vahe of certain of
the lateral derivatives.

Change in Y-force with aideslip bC=/bp,-During sideslip
the effective angle of attack is dii?erentially altered on each
side of the hydrofoiI, vdich changes the Lifton each half in
such a viay that a component of side force is introduced.
This effect is a function of the dihedral of the hydrofoil In
addition, the direction of the drag force is rotated t~ one aide
during siclesIipping. The sum of these effects is

where(CJ. is the coefficient, based on& of the Y-component
of force at the hydrodynamic center of the nth hydrofoil
and 19Bis the sidesIip angle at the same point. The dihedral
angle of the nth hydrofoil in radiana is indicated by I’..
The value of b(CJ@a. required in equation (39) can be
obtained from figure 21(a) or21 (b), and the value of (CJ= is
given in &gure24(a] for 0° dihedral angle and in figure 24(b)
for 300 dihedral angle.

Change in Y-force with angle of bank ?@Y/b@.—The vahe
of the derivative bC@d was estimated ~y treating each
paneI separately as a hydrofoil of -@ich the dihedral angle,
angle of attack, centroid of lift, lift-curve sIope, and im-
mersed area vary with angle of bank. The change in effec-
tive aspect ratio, which shotid be small for smaIl changes in
bank angle, was negIected. The variation in dihedral angle
and immersed area with angle of ba~ -was obtained, by
graphical methods, for banking about the center of gravity
of the hydrofoil system. The changes in lift-curve slope and
centroid of lift with dihedral angle were obtained from figure
25. The vaIue of b(CJ=/&z. in this figure is for a lift coefE-
cient based on the projected area of the hydrofoil -while
banked, rather than on the initial projected area, and with
the Iift measured vertically regardless of the bank attitude.
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The lateral displacement of the centroid of Iift from the
juncture of the hydrofoil panels is given by the value of
y% in figure 25. In order to make Y.x nondimensional it is
expressed in terms of twice the projected span of the banked
panel. The ne-ivangle of attack of the panel after a change
in bank is

a= q CosI’o Sec r’ (40)

where the subscript Orefers to the initiaIvahws for the h@ro-
foil panel, and I’ and a are the vahes of the dihedral angle-
and angle of attack of the panel after a change in bank.
(Ffote that r=ro+d, -where the sign depends on vrhether
the left or right panel is invoIved.)

Equation (4o) and the values of b(C!) ma, and ye= ob-
tained from figure 25 can be used to determine the magni-
tude and point of application of CLfor each banked panel.
The value of C= for the banked hydrofoil is then determined
by rules of simple mechanics. The value of bC’Y/b@ is
obtained graphically by plotting the vahwa of (?Ydetermined
for several values of@ and measuring the slope of the resulting
curve.

Ih ~Change in Y-fome with rolling velooity WFP ~.—

pb,
estimation of the value of the derivative bC@ ~ was

obtained on the ruwmption that the side force would be zero
for roLlingof the hydrofoiI about its effective center of curva-
ture in front elevation. The derivative for rohg about the
center section of the hydrofoil can then be obtained by an
expression of the form

(41)

The parameter r. is given in figure 26 for various dihedral
angIes.

Change in Y-force with yawing velooity i3CY/b‘$.—The

derivative aCr/a ~ was assumed to be zero for yawing

about the hydrodynamic center of the hydrofoil.
Change in rolling moment with sideslip bC@j3.-The

differential change in lift, produced on each panel of a hydro-
foil during sideslip, introduces a component of rolling moment
about the center section. An additional component of -
rolling moment arisw because the point of application of the
side force produced by sideslip lies above the centm section.
The sum of these effects is

( a(cL),~=+a& tan r=a(cr)=_ __
I% ‘% aa. ) (42)

where y., is obtained from figure 25 and b(C.)d% from
@u.re 21 (b).
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Change in rolling moment with angle of ba~ 3Cl/b@-
Increment.s of C= and Cr, caused by ‘a change in angIe of
bank, can be computed by methods outlined in the discussion
of bC@#I. Them increments, when mu.Itipliedby appro-
priate moment arms (expressed in span lengths), are used to
obtain a plot of (7, against ~, from which the value of tM7@~
is measured.

I pb,Change in roliing moment with rolling velooity tM7Jb ~ .—

Referenr 6 gives —0.2 as an average value of the derivative

I
tlCl b ‘VLfor a conventional airplane wing. The value for a
hydrofoil will probably be somewhat smaller, but in the
absence of experimental data the average value mentioned
was used for rolling of the hydrofoil about ita center section.

/
Change in rolling moment with yawing velooity bCl d\!&

The average value

*_{G)~ _ .... . .

()
a$8 n

[v

(43)

Iwas used for the derivative Wt d $“ Reference 6 indicates

that this value is suitable for’ wings wiih moderate taper,
and the loss of lift on parts of a hydrofoil that approach the
surface would result in a similar lift distribution if the hydro-
foil had dihedral,
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Change in yawing moment with sidedip tX7JhB.—D~lring
sideslip the lift vector for each panel of a hydrofoil remains
perpendicular to both the hydrofoiI leading edge and the
ti.ection -of motion. Hence, the projection of tho lift
vector on the horizontal plane rotates forward for tho hwling
panel and rearward for the trailing panel. The resulting
couple about the hydrodynamic center of the hydrofoil is

Zl(cn)~—= – (CJfl% tan r.q?. (44)

Change in yawing moment with angle of bank dCn@&-
[f, during banked motion of a hydrofoil, the centroid of drag
For sach panel is assumed to have the same location as the
xmtroid of lift and if the additiontd assumption is mada thtit
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the vmiwtion of drag with lift k the same in the banked
attitude as for zero bank, hC@#J can be computed by
methods similar to those used for ?il@j and hC@d.

/
pbl

change in yawing moment withrolling velocityacn bT.—

The average value given in reference 6 for an elliptical die-
~bl Thustribution of lift was used for the derivative M?xp ~.

a((?J .
(cL.)?a——a(c=).__ 16aan

(45)
m–

The elliptical loading was assumed to approximate the loss
in lift over the tip parts of a hydrofoil with dihedrai and
with the tips at the water surface.

/

rblChange in yawing moment withyawing velooityaCm av.—

The value

(46)

appears to be a suitable appro.simation to the expression
given by Glauert for elliptical wings (see reference 6] and
hence was used in the calculations. The selection of eUip-
tical loading was based on the same considerations as for the

Iderivative aC. a ~.
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